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Abstract: 

In the context of a finite measure metric space whose measure satisfies a 
growth condition, we prove "Tl" type necessary and sufficient conditions for 
the boundedness of fractional integrals, singular integrals, and hypersingular 
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can be extended to the case of infinite measure. Finally we show applications 
to Real and Complex Analysis. 
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1. Introduction. Definitions and Statement of the Theorems 

Let (X,d,/z) be a finite measure metric space whose measure \x satisfies 
a n- dimensional growth condition, that is, (X,d) is a metric space and [i is a 
finite Borel measure that satisfies the following condition: there is n > and a 
constant A > such that fi(B r ) < ^4r",for all balls B r of radius r and for all 
r > 0. Note that this condition allows the consideration of non-doubling as well 
as doubling measures. 

Our results will apply to functions defined on the support of fi, of course 
the support of [i has to be well defined, where supp(/x) is the smallest closed 
set F such that for all Borel sets E, E C F c ,fi(E) = 0. For example, if X 
is separable, then the support of /i is well defined. Furthermore to avoid any 
confusion we will assume that X = supp(/i) 

The inhomogeneous Lipschitz-Holder spaces of order f3, < (3 < 1, will 
be denoted kp and consists of all bounded functions / that satisfy 

sup^^,-^ ^^(x[y)^ < 00 • s P ace A<3 i s a Banach space with the norm 

II/IIaa = su Pxex \f(x)\ + suPx^ygx lf % ] [ x f y) )l - lt wiU be useful to have a 
notation for each term in the norm, let sup(/) = sup^.^ |/(a;)|, and \f\p = 

su Px^y<£X df>(x,y) ■ 

The results in this paper have extensions to the case fi(X) = oo, but 
the constants depend on the normalization of the integrals at infinity, we will 
indicate these extensions after the section on proofs. The letter C, c will denote 
constants not necessarily the same at each ocurrence. 

Let ft = X x X\A, where A = {(x, y) : x = y} . A function L a (x, y) : £1 
will be called a standard fractional integral kernel of order a, < a < l,when 
there are constants Bi and B 2 such that 

(LI) \L a (x, y )\<^f^- y 

(L2) \L a (xi,y) -L a (x 2 ,y)\ < B 2 J-.lV^ly) , for some 7, a < 7 < 1, and 
2d{xi,X2) < d(xi,y). 

The fractional integral of order a of a function / in kp is defined by: 

L a f(x) = J L a (x,y)f(y)dfj,(y). 

Note that in particular L a (x,y) = dn -^ x ^ is a standard fractional kernel of 
order a. 

Theorem 1 

Let < a < 7 < 1, < ft < 1, and a + j3 < 1 when l<n or a + /3<n 
when n < 1. The following statements are equivalent: 



L a l e A 



a+P- 
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b) L a : Ap — > A a+ p is bounded. 

Wc define now the singular integral kernels that we will consider in Theorem 
2 and Theorem 3. A function K(x, y) : £1 — > C will be called a standard singular 
integral kernel when there are constants C\Ci and a number 7, < 7 < 1, such 
that 

(51) \K(x,y)\<^ 

(52) \K(x h y) - K{x 2 ,y)\ < C 2 £g$fo ,ior 2d( Xl ,x 2 ) < d(x u y) 

Let 77 be a function in C 1 [0, 00) such that < 77 < 1, r){s) — for < s < 
1/2 and r](s) = 1 for 1 < s. Let K £ (x,y) = r)(^j^)K(x,y), e > where 
K(x,y) is a standard singular integral kernel . We will denote T E the operator 
T e f(x) = fK s (x,y)f(y)d»(y). 

Theorem 2 

Let K(x,y) be a standard singular integral kernel. Let < (3 < min(n, 7). 
The following two statements are equivalent: 

a) \\T £ l\\ A(i < C, for all e > 0. 

b) T £ : A p -> A arc bounded and ||T £ || A ^ A ^ < C, for all e > 0. 

One of the novelties in this Theorem is that the cancellation condition (S3) 
for all x (see below) follows from part b). 

In Theorem 3 we will consider Principal Value Singular Integrals. We will 

denote by Lipp the space of classes of measurable functions / for which there 

is a g <G Ap such that f — g except for a set E that depends on /, with 

(i(E) = 0. The norm of / in Lipp is defined as \\f\\ Lipi3 = \\f\\oo + 1/1/3' where 

Ifl _ „„„ \g(n)-g(y)\ _ \f(x)-f(y)\ 

\J\p - ^Px^yeX df>(x,y) - bU Px^yeX-E dV(x,y) ' 

We also need to add the following two conditions on the kernel: 



(53) I 

!<d(x,y)<r 2 ^( X ' y)^(y)\ — ^3 f° r a h < r\ < r 2 < oo, fJ, a.e in x. 

(54) lim E ^ f £<d{x y)<1 K(x,y)dfj,(y) exists \i - a.e in x. 

The principal value singular integral of a function / s Lipp is defined by 



Kf{x) = lim / K 



{x,y)f(y)dfi(y) 



Theorem 3 

Let K(x, y) be a standard singular integral kernel that in addition sat- 
isfies (S3) and (S4). Let < j3 < min(n,7) and / G Lipp. Then Kf(x) is well 
defined fx — a.e. and the following two statements are equivalent: 
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a) Kl G Lipp 

b) K : Lipp — > iip^ is bounded 

A function D a (x, y) : O — ► C will be called a standard hypersingular kernel 
of order a, < a < l,when there are constants E\ and E 2 such that: 

(Dl) \D a (x,y)\ < 1F ^ fv 

(D2) |D a (xi,y)-I>a(a:2,y)| < ^2 d „+i^g„) , for some 7 ,0 < 7 < 1, and 
2rf(xi,a;2) < d(x l7 y). 

The hypersingular integral of order a of a function / e a < (i < lis 
defined by: 

D a f(x)= J D a {x,y) [f{y)-f{x)]d l x{y) 

Note that in particular D a (x,y) — dn +^ x ^ is a standard hypersingular ker- 
nel of order a when X = R n and /x is the Lebesgue measure, and we have 
/ y) lf(v) - f( x )] d y = c a(^.f){x) for / sufficiently smooth and < 

a < 2. [S] 

Theorem 4 

Let < a < (3 < 1 and /3 - a < n.Thcn D a : Ap — > A^-^ is bounded. 

Note that = by definition. Also, Theorem 4 and its proof are valid 
without changes in the case fJ,(X) — 00. 

2. Proofs 



We would like to point out that the proofs are based on classical methods, 
see for example [Z], adjusted to the modern "Tl" formulation and to the present 
general context. For carrying out the proofs we need the following known lemma 
about measures that satisfy the n-dimensional growth condition. 

Lemma 

Let (A, d, fjb) be a measure metric space such that \x satisfies the n-dimensional 
growth condition, r > 0. Then 

L J d ( x , y) <r W-k^y)Mv) < cir s , < 6 < n. 

2 - Sr<d(x,y) d^+*(x,v) My) < c ^r- s , < 6 

3 - Ir/2<d(x,y)<r d n (x,y) ^Kv) - c 3 
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Proof of the Lemma 

The three parts are a consequence of the growth condition. To prove parti, 
we rewrite the integral as a series and mayorize each term using the growth 
condition and we add the resulting series. In detail we have: 



Jd(x,x )<r u \x,x ) k=Q J2- k - 1 r<d(x,x )<2- k r u K^i^o) 

^ ^B 2 - k - lr ( Xo )) ~ (2- fc r)" , 2" 

2—1 (2-k-l r )n-8 — 2—/ (2-k-l r )n-5 2 5 — I 

To prove part 2 we perform a similar estimate: 



/ , ttt zd^lx) = / ~j~T~T" ?dn(x) < 

Jd(x,x )>r d n+d {x,X ) f^ ) J2*r<d(x,x )<2X + ir d n+d {X,X ) 

^ v(B 2k+lr (xo)) <A ^ (2 fc+ M" 2"2* 

fc=0 V ' fc=0 V 7 

Finally for part 3 we have: 

Jr/2<d(x. v )<rd n (x,y) ' ~ (r/2)" - 



Proof of Theorem 1 

Observe first that 1 £ and therefore condition b) implies condition a). 
We will prove now that condition a) implies condition b). We can just consider 
the case L a (x, y)= dn -^ x y ) , because the general case is proven in the same way 
and we will denote L a — I a . 

Condition (LI) is clearly valid. To show that condition (L2) is verified ,we 
use the Mean Value Theorem Consider 2d{x\,X2) < d(x\,y), and < 6 < 1 we 
have: 



d n - a (x llV ) d n - a (x 2 ,y) 



< sup I (-rc + a) (6d(xi ,y) + (l-6) (d(x 2 , y)) 



-n-\-a — 1 I 



{xi , y )-d(x2,y)\<B2^ XlV2) 



' d n - a+1 ( Xl ,y) 



Now we will estimate sup(/ a /). Let x e X. We will use the Lemma to 
obtain 



5 



and therefore sup(/ a /) < sup(/)(ci + f-i(X)). We will estimate next \I a f\(p) ■ 
We write 



/(si) 



A" 



'(xi,y) 



dfi{y) 



f(y) - f{xi) 



f(y) - iM 

d n - a ( Xl ,y) ^ xyj J x d n ~ a (x 2 ,y) 



My) 



L 



X 



f(y) - /(si) 
a (x 2 ,y) 



X 



<(x2,y) 



dn(y) = 



dfi(y) + f(x 1 )[I a l(x 1 )-I a l(x 2 )}. 



The last term can be mayorized using the hypothesis, and we have \f(xi) [I a l(xi) — I a l(x2)] \ < 
csup(f)d a+/3 {x 1 ,X2). 

Let now r = d(x\,x 2 ) and B2 r {xi) the ball of radius 2r and center x\. We 
write 



J x d»-°(xi,y) ^ i x d"" a (x 2 ,y) 



Jb^CxO ™ } J B2Axi) d" 



l/(y) - 



< 



"(2:2,1/) 



BSr(zi) 



d n - a (x 2 ,y) 



dn{y) = Ji + J 2 + J3 



For the first term using the lemma we have 



Ji < \f\( 



d f3 (x u y) 

For the second term we write 

J 2 < 



dli{y) < c \f\ (p) r a +P = c \f\ (0) d a+ P{x u x 2 ). 



2r 



dfi(y) < c\f\ (0) d a+ P(x u x 2 ), 



For the third term we use (L2) and the lemma to get 

B 2 



h < 



'^'^ La ^ d^ 



Collecting the previous estimates, we have 

\\U\\^<c\\f\\^ 

This concludes the proof of Theorem 1 . 



d»(y)<c\f\ {0) d a+ P{ Xl ,x 2 ) 
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Proof of Theorem 2 

Observe first that 1 e hp and therefore condition b) implies condition a). 

Before doing the proof of the theorem and for the sake of completeness, we 
will show that K e satisfies conditions (SI) and (S2) with constants independent 
of e. 

Condition (SI) is true because 77 is bounded. To show condition (S2), assume 
that 2d(x\,x 2 ) < d(x\,y) and consider the following two cases: 

Case 1: 1< and 1 < ^SjSI. In this case K £ (x,y) = K(x,y), and therefore 

(S2) is true with the same constant. 

Case 2: 1 > or 1 > ^Sl. Assume 1 > ^Sl. 

— £ — e e 

We write 



\Ke(xi,y) - K e (x 2 ,y)\ < 



^ d{x u y) ^ ^ d(x 2 ,y) ^ 



\K( Xl ,y)\ + 
\K(x u y) - K(x 2 ,y)\ 
The first term above is less than or equal to 



c(^l^-r\K(x u y)\<c d7 ^ X2) 



d n +^( Xl ,y) 

On the other hand the second term is less than or equal to c \K(xi,y) — K(x 2 ,y)\ < 

c £&t£ir If 1 ^ thc P roof is similar - 



To show that condition a) implies condition b), the first step is to get the 
cancellation (S3) of the kernel, for all x G X. 

Observe that for < n < r 2 < 00, we have 



T ri l(x)-T r2 l(x)= [ rj { ^yl)K(x,y)d^y)+ [ K(x,y)d»(y) 

J ^r 1 <d(x,y)<r 1 r l Jr\<d(x,y) 

f V (^^-)K(x,y)dn(y)- [ K{x,y)d»{y) 

J \ T2<d(x,y)<r2 2 Jr2<d(x,y) 



Since the left hand side is uniformly bounded in r and x, and also the first 
and third terms arc uniformly bounded because of thc growth condition (see 
lemma), it follows that 
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(53) 



/ K(x,y)dn{y) 

Jr 1 <d(x,y)<r 2 



< C, for all x. 



Now, we will estimate sup \T e f(x)\ .Observe first that 

TJ(x)= [ K € (x,y)f(y)d»(y)+ f K £ (x,y)f(y)dfi(y) 

Jd(x,y)<l Jd(x,y)>l 



[ K £ (x,y)f(y) - f(x)d^y) + f(x) [ K e (x,y)d^y) 

Jd(x,y)<l J ±e<d(x,y)<e 

f(x) [ K(x,y)dp(y)+ f K e (x,y)f(y)dfi(y) 

J e<d(x,y)<l Jd(x,y)>l 

Now, by conditions (SI), (S3) and the growth condition we can bound the 
absolute value of the terms above by ||/|| A(3 and therefore sup xeX |T e /(a;)| < 

'■V A,- 

Next, we estimate sup x _^ y Te ^^~^^^ ■ We consider the difference T e f(x\)- 
T s f{x 2 ), and the following decomposition: 



T E f(x 1 )~TJ(x 2 ) = J K e {x u y)f{y)dn{y)- j K E (x 2 ,y)f(y)d^y) 
= J K £ (x u y) [f(y)-f(x 1 )]d f i(y) + f(x 1 ) J K £ (x 1 ,y)d f i(y)- 
J K E (x 2 ,y) [f(y)-f(x 1 )}d l i(y)-f(x 1 ) J K E {x 2 ,y)d^y) = 

J K E {x u y) [f(y)-f(x 1 )}d^y)+ J K E (x 2 ,y) [f{y)-f{x 1 )]d l x{y)+ 
/(zi)[T e l(a;i)-T e l(a;2)] 
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Observe now that the last term can be estimated using the hypothesis and 
we have 

\f( Xl )[T e l( Xl ) -T e l(x 2 )]\ <csup(f)d^(x u x 2 ). 
To estimate the first two terms, let r — d(xi,x 2 ), we rewrite them as follows: 

J K £ (x u y) [f(y) - /On)] dn(y) + J K £ (x 2 ,y) [f(y) - f( Xl )] d^y) = 
f K £ {x u y)[f{y)-f{x 1 )]d l x{y)+f K £ (x 2 ,y)[f(y)-f(x 1 )]d t ,(y)+ 

Jd(x 1 ,y)<3r Jd(x!,y)<3r 

[ [f(y) - f( Xl )] [K e (x u y) - K £ {x 2 ,y)]d^{y) = H, + H 2 + H 3 

J 3r<d(x 1 ,y) 

The absolute value of H 3 can be estimated as follows, 
\H 3 \< \f\ p d?{x u x 2 ) f f + { ^ y ] d^y) <c\f\^{x u x 2 ) 

J3r<d(x!,y) a \ x li V) 



For \Hi\we have 
\Hi\< 

Finally to estimate H 2 we write 



j K £ (x 2 ,y){f(y)-f(x 1 )]d»(y) = 

J d(xi,y)<3r 

[ K £ (x 2 ,y)[f(y)-f(x 2 )]d»(y) 

Jd{x u y)<3r 

+ [f(x 2 ) - f(xi)] f K £ (x 2 ,y)d f i(y) = Ji + J 2 

J{y.e/2<d(x 2 ,y)}n{y:d(x 1 ,y)<3r} 

For the first term we have 

|Ji|< / jl f l W d^y)<c\f\ d^ Xl ,x 2 ) 

Jd(x 2 ,y)<4r « P {X2,y) 

To estimate J 2 consider first 

/ K £ (x 2l y)dfi{y) = K £ (x 2 ,y)dfj,(y) + 

Jd(x 1 ,y)<3r Jd(x 2 .,y)<2r 
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/ K £ (x 2 ,y)dfj,(y) 

J{y:d(x 1 ,y)<3r}\{y:d(x 2 ,y)<2r} 



Observe now that 

<C 3 



/ K £ (x 2 ,y)d^(y) 

Jd(x 2 ,y)<2r 



and using part 3 of the lemma we get 



/ K £ (x 2 ,y)d[i(y) < / \K e (x 2 ,y)\dfj,(y) < c 

Jly:d(xi ,y)<3r}\{y:d(x 2 .y)<2r} J {y:2r<d(x 2 ,y)<4r} 



{y:d(x 1 ,y)<3r}\{y:d(x 2 ,y)<2r} 

therefore 



\J2\<c\f\ fj dP(x U X 2 ) 

collecting the estimates we have: 

\K e f( Xl ) - K £ f(x 2 )\ < c ||/|| A/j dP{ Xl ,x 2 ) 

and finally 



II^/IIa, <c||/|| Afl) 



with c independent of s. 



Proof of Theorem 3 

Observe first that 1 € Lipp and therefore condition b) implies condition a). 
Let / G Lip /3, we will show that 

Kf(x) = lim[ K{x,y)f{y)dn(y) 

Je<d(x,y) 

exists fj, — a.e. Assume s < 1, we can write 



Kf{x) = lim f K(x, y) [f(y) - /(*)] d^y) + 

Je<d(x,y)<l 

f{x) lim / K{x,y)dn(v)+ [ K(x,y)f(y)d»(y). 

J e<d(x,y)<l J\<d{x,y) 

Note that the first integral converges absolutely, the limit of the second term 
exists by hypothesis and finally last integral converges absolutely because the 
integrand is bounded. Furthermore, we have Hif/H^ < c ||/|| iip ■ 
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We will estimate now Kf{x\)— Kf{x 2 ) for x\, x 2 two points for which K f(x) 
exists. This part of the proof is very similar to the same part in Theorem 2. 
We write 



Kf( Xl )-Kf(x 2 ) = lim f K(x u y)f(y)d»(y)-lim f K(x 2 ,y)f(y)d»(y) 

e ^°Je<d(x 1 , v ) s ^°Je<d(x 2 ,y) 

= lim / K(x!,y) \f(y) - /(ari)] dn{y)+f{x{) lim / K(x 1 ,y)dfi(y)- 

Js<d(x u v) Je<d{x 1 ,y) 

lim / K(x 2 , y) [f(y) - /(zi)] dii{y)-f{xx) lim / K(x 2 ,y)dfi(y) = 

e ^°Je<d(x 2 ,y) Je<d(xn,y) 



lim f K(x u y) [f(y) - f(x 1 )} d»(y)+\im f K(x 2 , y) [f(y) - f(x 1 )} d^(y)+ 

Je<d(xi,y) Je<d(x 2 ,y) 



f(x 1 )[Kl(x 1 )-Kl(x 2 )} 

Observe now that the last term can be estimated using the hypothesis and 
we have 

\f( Xl ) [Kl( Xl ) Kl{x 2 )]\ < c ll/IU d?(x u x 2 ). 

To estimate the first two terms, let r = d(xi,x 2 ), and e < r, we rewrite them 
as follows: 

lim / K(x u y) \f{y) - f( Xl )] d»(y)+\im [ K(x 2 , y) \f{y) - f( Xl )] d»(y) = 

e ^°Je<d(x 1 ,y) s ^°Je<d(x 2 ,y) 



lim/ K(x 1 ,y)[f(y)-f(x 1 )]d»(y)- 

J£<d(x 1 ,y)<3r 

lim 

{y.e<d(x 2 ,y)}n{y:d(x 1 ,y)<3r} 



f K(x 2 ,y)[f(y)-f(x 1 )]d»(y)+ 

J {y:e<d(x2,y)}n{y:d(xi,y)<3r} 

lim f {f(y) - /(an)] [K(x u y) - K{x 2l y)] d»(y) =H 1 +H 2 + H Z 

E ^ J3r<d(xi.y) 



>3r<d(xi,y) 

The absolute value of H 3 can be estimated as follows 

dP( Xl ,y) 



\H 3 \<\f\,d''(x 1 ,x 2 ) f f J^ y) d^{y) <c\f\ d^x u x 2 ) 

J3r<d(x!,y) a '\ x ItV) 
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For |iJi|we have 



< l/l, / f 1 d^y)<c\f\ d^ Xl ,x 2 ) 

Jd(x 1 ,y)<3r a \ x ItV) 



Finally to estimate H 2 we write 



on / 



liu.. / K(x 2 ,y)[f(y)-f( Xl )]d^y) 

::e<d(x2,y)}n{y:d(x 1 ,y)<3r} 



lim / K(x 2 ,y)[f(y)-f(x 2 )]d f i(y) 

J {y.e<d(x2,y)}n{y.d(x 1 ,y)<3r} 



+ [f(x2)-f(x 1 )} lim / 



r.e<d(x 2 ,y)}n{y:d(x 1 ,y)<3r} 

For the first term we have 



K(x 2l y)dfj,(y) = J\ + J 2 



Uil < 



l(/3) 



/d(x 2l!/ )<4 r dn {x2,y) 
To estimate the second J 2 consider first 



dn(y) < c\f\ d (x 1 ,x 2 ) 



lim 



/ 

hi 



:e<d(x 2 ,y)}n{y.d(x 1 ,y)<3r} 



K(x 2 ,y)dn(y) = lim / K(x 2l y)d^{y) + 

e ^ U Je<d(x 2 ,y)<2r 



J {y:d(xi,: 



I {y:d(xi,y)<3r}\{y:d(x2,y)<2r} 

Observe now that 



K(x 2 ,y)dn(y) 



+°Js< 



lim / K(x 2 ,y)d/j,(y) 

s<d(x 2 ,y)<2r 



and using part 3 of the lemma we get 



/ K(x 2 ,y)dfi(y) < / \K (x 2 , y)\ dfi(y) < c 

J {y.d(x 1 ,y)<3r}\{y.d(x2,y)<2r} J {y.2r<d(x 2 ,y)<ir} 



therefore 

\M<c\f\ p dP{xx,x 2 ) 
collecting the estimates we have: 



\Kf(x 1 )-Kf(x 2 )\<c\\f\\ L ^d^x u x 2 ) 



and finally 
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\\Kf\\ Lip0 <c\\f\\ Lip0 
This concludes the proof of Theorem 3. 

Proof of Theorem 4 

We will prove the theorem for D a (x,y) — d n +"(x y) ^ ne general case is 

identical. Note that the proof is also valid for /j,(X) = oo. 

We will estimate first sup(_D Q /) for / e A^.We use part 2 of the Lemma to 
write 

Since < a < /3 < 1, we use part 1 of the lemma to estimate the integral and 
we obtain that D a f(x) is well defined everywhere and 

sup(i? a /)<c||/|| A/J . 
To estimate |D Q /| Q , we consider r = d(x, y) and write 

Jd(x u y)<2r d n + a (x u y) Jd{x u y)<2r d n + a (x 2 ,y) 



I 

J d(xi , 

f{x 1 )-f{x 2 ) 



+ 1 Mv)-f(xi)] 

)>2r 



1 



x u y)>2r d n + a {x 2 ,y) 



d n + a (x u y) d n + a (x 2l y) 
dfi(y) 



dn(y)- 



Using parti of the Lemma and the fact that / is in we can obtain that each 
of the first two terms converges absolutely and is bounded by c l/l^ d@~ a (xi, x 2 ). 
Using part 2 of the Lemma we can also obtain that the fourth term converges 
absolutely and is bounded by c \f\p dP~ a (xi,x 2 ). 

To estimate the third term observe first that for 2d(xi,x 2 ) < d(xi,y), 



< sup |(-n - a)(0d{x u y) + (1 - 9){d{x 2 ,y))- n - a - 1 \ 
e 

d(x l7 x 2 ) 



d n + a (x u y) d n + a (x 2 ,y) 

\d(x u y)-d(x 2 ,y)\<c dn+a+1{x ^ yy 

Therefore using this estimate, the fact that /eA^ and the part 2 of Lemma 
we obtain that the third term converges absolutely and is less than or equal to 
c 1/1/3 dP- a (xi,x 2 ) and consequently \D a \ {p _ a) < c\f\ p . 
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Finally combining the two estimates we get ||Z? a /|| A ^_ Q < c ||/|| A . 

To extend Theorem 1 and Theorem 3, the fractional integrals and singular 
integrals have to be redefined so they converge for d{x,y) > l.The operator's 
norm in each result will depend on the normalization. We will denote with ' the 
normalizations. Let x £ X be a fixed point for whuich (S4) is valid and define: 




[L a {x, y) - L a (x Q , y)] f(y)dfi(y) 



K'f(x) = lim f [K(x, y) - K(x Q , y)] f(yW(y) 



Applications 

In this section we will illustrate some applications of the theorems. I am 
indebted to Joaquim Bruna for pointing out to me the Theorem of Mark Krein 
and to Joan Verdera for several generous discussions on applications 1 and 2. 

1. The purpose of this application is to obtain boundedness in L 2 of some 
singular integrals in the context of non-doubling measure metric spaces of finite 
measure. Following [T] , a singular integral associated to \i is said to be bounded 
in L? when there is a constant C such that ||if e /|| i2 < C ||/|| L 2 , for all e > 0, 
where K e f(x) = f d , y ^ >£ K(x,y)f(y)d/j,(y). We will apply Theorem 2 and the 
following Theorem of Mark Krein (see[FMM] for its proof and application to 
the classical case, and [W] for the case of spaces of homogeneous type). 

M. Krcin's Theorem: 

Let H be a real or complex Hilbert space with inner product (., .) and norm 
\\-\\h ■ Let D C H be a Banach space dense in H and such that \\x[[ H <C\\ 

x \\d 

for x £ D. Let A and B be two linear operator such that < Ca IMId: 

||Ba;|| D < Cb \\x\\ d , x £ D and (Ax,y) = (x,By) for all x,y £ D. Then 
\\Ax\\ H < (CaCb) 1 * \\x\\ H , \\Bx\\ h < (CaCb) 1 * \\x\\ h ,x £ D, and both extend 
to bounded operator on H. 

In our application, we will consider H = L 2 and D = Ap. Since X has 
finite measure we clearly have ||/|| L 2 < n(X)? ||/|| A , but we need the extra 
assumption dense in L 2 . Let now K(x,y) be a standard singular integral 
kernel and K*(x,y) — K(y,x) . Assume that K*(x,y) also satisfies (S2). Let 
A = T £ and B = T* the corresponding smooth truncations. If ||T e l|| A < C and 
\\T* 1|| A < C'for all e > 0, then by Theorem 2 and Krcin's Theorem there is C 
such that ||T e /|| i2 < C||/|| i2 , / £ Ap, for all e > 0. Consequently \\K £ f\\ L2 < 
C II/IIl 2 ' / ^ ^-0 f° r au e > 0j an d it extends to a bounded operator in L 2 ,same 
conclusion for K* . In addition, Nazarov, Treil, and Volberg have extended the 
classical result of Calderon-Zygmund on the boundedness in L p , 1 < p < oo,of 
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singular integrals bounded in L 2 , to non-doubling separable measure metric 
spaces, see [NTV] . 

2. The second application has appeared in [MOV] . In this paper the authors 
need to study the boundedness properties of the Restricted Beurling Transform, 
Bnf = B(fxn),on Lip E (fl) where ft is a bounded domain in R n with boundary 
of class C 1+£ , < e < 1, . Mateu, Orobitg and Verdera prove the following more 
general result: "Let be a bounded domain with boundary of class C 1+£ ,0 < 
£ < 1, and let T be an even smooth homogeneous Calderon-Zygmund operator. 
Then Tq maps Lip E (O) into Lip E (Q) and also Lip E (f2) into Lip E (Q c )" . Their 
proof, which is non-trivial, consists in showing that condition (S3) and part a) 
of Theorem 3 above are met. 

3. The third application is related to M. Riesz Fractional Calculus associated 
to non-doubling measures. Applying Theorem 1 and Theorem 4 we can obtain 
that the composition of a Riesz fractional integral I a f(x) = J dn -l^ x j '{y)dfj,(y) 

and a fractional derivative D a f(x) — j d/i(y) of the same order D a I a , 

as well as its transpose I a D a 7 are bounded on hp, when I a l e A a+ p,a + /3 < 1. 
In addition, it was shown in [G] that these composition are singular integral 
operators associated to /x 
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